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Abstract
We consider seesaw type-I models including at least one (mostly-)sterile neutrino with
mass at the eV scale. Three distinct situations are found, where the presence of light extra
neutrinos is naturally justified by an approximately conserved lepton number symmetry.
To analyse these scenarios consistently, it is crucial to employ an exact parametrisation
of the full mixing matrix. We provide additional exact results, including generalised
versions of the seesaw relation and of the Casas-Ibarra parametrisation, valid for every
scale of seesaw. We find that the existence of a light sterile neutrino imposes an upper
bound on the lightest neutrino mass. We further assess the impact of light sterile states
on short- and long-baseline neutrino oscillation experiments, emphasise future detection
prospects, and address CP Violation in this framework via the analysis of CP asymmetries
and construction of weak basis invariants. The proposed models can accommodate enough
active-sterile mixing to play a role in the explanation of short-baseline anomalies.
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1 Introduction
Most of the present data on Neutrino Physics are consistent with the hypothesis of having
only three active neutrinos. Nevertheless, there is a small subset of experiments which seem to
require the presence of New Physics (NP). The first indication hinting at the presence of NP
was provided by an excess in the results of the LSND experiment, where electron anti-neutrinos
were observed in a pure muon anti-neutrino beam [1,2]. One of the simplest explanations of the
LSND result involves the existence of an anti-neutrino with a mass-squared difference ∆m2 of
about 1 eV2. Taking into account that ∆m2atm is of order 10−3 eV2 and ∆m2solar of order 10
−4 eV2
one concludes that the LSND result would require a fourth neutrino. On the other hand, the
invisible decay of the Z gauge boson shows that there are only three active neutrinos with a
mass less than a half of the Z mass [3], implying that if a fourth light neutrino exists it must be
sterile, i.e., a singlet under the gauge symmetry of the Standard Model (SM). The existence of
extra (sterile) neutrinos should then be reconciled with cosmological constraints, which call for
a suppressed thermalisation of these massive neutrinos in the early Universe, given the effective
neutrino number Neff = 2.99+0.34−0.33 (95% CL, from TT,TE,EE+lowE+lensing+BAO) measured
by Planck [4]1.
Meanwhile, new anomalies have appeared in Neutrino Physics supporting the hypothesis of the
existence of light sterile neutrinos. The indications for the existence of a sterile neutrino of mass
of order 1 eV come from short-baseline (SBL) neutrino oscillation experiments. They started
with the LSND result in the nineties. At that time, this result was not confirmed by KARMEN
[7]. However, KARMEN had a shorter baseline than LSND and therefore could not exclude the
whole parameter space available to LSND. This was followed by the MiniBooNE experiment [8]
with inconclusive results2. Recently, new interest in the LSND result was sparked by the“reactor
anti-neutrino anomaly” due to a deficit of the number of anti-neutrinos observed in several
different reactor neutrino experiments, when compared with the theoretical flux calculations
[12–14]. A crucial and independent development has been provided by the DANSS [15] and
NEOS [16] collaborations, whose programmes include comparing spectra at different distances
from the anti-neutrino source. The preferred fit regions of these independent experiments
interestingly overlap near ∆m2∼ 1.4 eV2 and sin2 2ϑ14∼ 0.05, with ϑ14 being an effective mixing
angle as interpreted in a 3+1 scheme. Also of relevance is the so-called “Gallium neutrino
anomaly”, discovered in 2005-2006 [17–19], albeit of less significance. For recent reviews on
eV-scale sterile neutrinos and additional references, see [20,21].
The purpose of this paper is to investigate the possibility of obtaining in a natural way at least
one sterile neutrino with a mass of order eV in the framework of the general type-I seesaw
mechanism [22–26]. The crucial point is that we shall consider a special case of the seesaw
framework. Instead of having three heavy sterile neutrinos, as in the usual setup, at least
one of the sterile neutrinos should be light while, at the same time, its mixing with the light
active neutrinos should be small enough to comply with existing experimental bounds, but
large enough to be relevant to low energy phenomenology. Two important challenges are to
1 Although addressing this suppression falls beyond our scope, it has been shown that it can be achieved via
“secret” sterile neutrino self-interactions [5,6]. Here, TT,TE and EE+lowE+lensing refer to particular likelihood
combinations and BAO stands for baryon acoustic oscillation measurements.
2 The need to reconcile MiniBooNE and LSND data has currently revived interest [9,10] in models attempting
to explain anomalies via sterile neutrino decay [11].
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find solutions that are stable under renormalisation, and to inquire if these spectra, with at
least one neutrino with a mass of order eV, might indeed explain the SBL anomalies.
For definiteness, let us recall how the conventional seesaw mechanism works. It consists of an
extension of the SM where three right-handed neutrinos are added to the standard spectrum.
As a result, the neutrino mass terms include a Dirac mass matrix, denoted m, generated by the
breakdown of the electroweak (EW) symmetry, and a Majorana mass term, denoted M, with
the scale of M much larger than the scale of m. In general this leads to three light neutrinos
with masses of order m2/M and three heavy neutrinos with masses of order M. The generic
seesaw framework leads to an active-sterile mixing of order m/M, too small to be of relevance to
low energy physics, while providing a framework for leptogenesis [27]. In the derivation of the
standard seesaw formulae, one performs a block diagonalisation of the 6×6 complex neutrino
mass matrix, obtaining approximate relations that are valid to an excellent approximation.
Some of the approximate formulae no longer hold in the special cases which we are considering.
However, there are important exact relations which continue to be valid in our case. We find
viable models with at least one sterile neutrino with a mass of order eV by imposing a U(1)
symmetry (see e.g. [28]) allowing for small breaking terms. Before the breaking, for special
assignments of leptonic charges, the lightest neutrinos are naturally massless at tree level,
acquiring calculable small masses after the breaking and complying with the experimental ∆m2
values after radiative corrections.
The paper is organised as follows. In the next section, we describe our setup, settle the notation
and present a useful parametrisation of the mixing matrix as well as some exact results con-
cerning the Dirac mass matrix, neutrino masses and deviations from unitarity. In section 3 we
discuss the size of such deviations from unitarity in the 3×3 leptonic mixing matrix. In section 4
we describe how one-loop mass corrections can be controlled within the considered framework.
In section 5 we present explicit numeric examples and go through their phenomenology, while
section 6 is dedicated to the study of CP Violation within the type-I seesaw, with emphasis
on CP Violation measurements and CP-odd weak basis invariants. Finally our conclusions are
presented in section 7.
2 Framework
We work under the type-I seesaw framework, in a model with three right-handed neutrinos
added to the SM. The leptonic mass terms are given by:
Lm = −
[
ν0Lmν
0
R +
1
2
ν0TR C
∗Mν0R + l0Lml l
0
R
]
+ h.c.
= −
[
1
2
n0TL C
∗M ∗n0L + l0Lmll
0
R
]
+ h.c. ,
(2.1)
where n0L = (ν
0
L , Cν
0
R
T
)T and the zero superscript denotes a general flavour basis. Without loss
of generality, one may choose a weak basis where ml is real and diagonal. The analysis that
follows is performed in this basis, meaning ν0L = (νeL, νµL, ντL). The neutrino mass matrix M
2
is a 6×6 complex symmetric matrix and has the form:
M =
(
0 m
mT M
)
. (2.2)
This matrix is diagonalised by the unitary transformation
V TM ∗V =D ⇐⇒ M = V D V T , (2.3)
where D is diagonal real non-negative and contains all neutrino masses,
D =
(
d 0
0 D
)
. (2.4)
Here, d contains the masses of the three known light neutrinos, d = diag(m1,m2,m3), and D the
masses of other neutrinos, D = diag(M1,M2,M3). The 6× 6 unitary matrix V can be written
as
V =
(
K R
S Z
)
, (2.5)
where K, R, S and Z are 3×3 matrices. Using the unitarity of V , namely V V † =V †V =1(6×6),
one can obtain [29] a series of exact relations relating the matrices K, R, S, and Z, examples of
which are KK† +RR† = 1 and KS† +RZ† = 0. We shall show that in order to study deviations
of unitarity, it is useful to parametrise V in a different way.
2.1 A Novel Parametrisation for the Leptonic Mixing Matrix
In Ref. [29] we introduced an especially useful parametrisation of the 6× 6 leptonic mixing
matrix that enables to control all deviations from unitarity through a single 3×3 matrix which
connects the mixing of the active and sterile neutrinos in the context of type I seesaw. It was
written:
V =
(
K 0
0 Z
)(
1 Y
−X 1
)
, X =−Z−1S , Y = K−1R , (2.6)
where it is assumed that K and Z are non-singular. From the aforementioned unitarity relation
KS† +RZ† = 0 one promptly concludes that
Y = X† =⇒ V =
(
K KX†
−ZX Z
)
. (2.7)
Thus, a generic 6×6 unitary matrix V , in fact, only contains three effective 3×3 matrices K, Z
and X . Furthermore, from the same unitarity of V and from the singular value decomposition
X =W dXU†, one finds that K and Z can be written as:
K =UK
√(
1 +d2X
)−1 U† =UK U†√(1 +X†X)−1 =V√(1 +X†X)−1 ,
Z =WZ
√(
1 +d2X
)−1 W † =WZ W † √(1 +XX†)−1 , (2.8)
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where3 UK,WZ, U and W are all 3×3 unitary matrices, dX is a diagonal matrix with real non-
-negative entries, and we have defined an additional unitary matrix V ≡UKU†. The matrices
U and W diagonalise the Hermitian products X†X and XX†, respectively:
U† X†X U = d2X , W
†XX† W = d2X . (2.9)
Any unitary matrix to the left of Z – like the product WZW † in Eq. (2.8) – is unphysical as
it can be rotated away via a weak basis transformation which does not affect the form of ml.
Accordingly, one can choose to work in a weak basis for which Σ= 1 in the general expression
Z = Σ(1 +XX†)−1/2 , (2.10)
with Σ unitary. Note, however, that Σ 6= 1 in the numerical ‘symmetry’ bases considered later
on in sections 4 and 5.
The matrix K plays the role of the PMNS mixing matrix, as it connects the flavour eigenstates
ναL (α= e, µ, τ) to the lightest mass eigenstates. From Eq. (2.8), it is clear that K is unitary if
and only if d2X = 0. Thus, the deviations from unitarity are manifestly expressed in the diagonal
matrix d2X containing the (squared) singular values of X .
In summary, a generic 6×6 mixing unitary matrix V can be simplified and be written in terms
of just one 3×3 unitary matrix V and of explicit deviations from unitarity, parametrised by a
3×3 matrix X :
V =
(
K R
S Z
)
;
K =V
√
(1+X†X)−1 ; R = K X†,
Z =
√
(1+XX†)−1 ; S =−Z X ,
(2.11)
i.e.
V =
(
V
(
1+X†X
)−1/2 V (1+X†X)−1/2 X†
−(1+XX†)−1/2 X (1+XX†)−1/2
)
. (2.12)
In general, there are no restrictions on the matrix X . However, in a type-I seesaw model, the
mixing matrix V must also obey the mass relation stated in Eq. (2.3), and the 6×6 neutrino
mass matrix M is not general: some entries are zero at tree level. This imposes a restriction4
on X ,
d+XT D X = 0 , (2.13)
which implies that it is possible to write X as:
X = i
√
D−1Oc
√
d , (2.14)
3Principal square roots of positive semi-definite matrices are unique and their use is implied in Eq. (2.8).
4This restriction generalises to d+X†DX∗ =K−1mL(K−1)† for an explicit, symmetric light neutrino Majorana
mass matrix mL in place of the zero in Eq. (2.2), which may arise from radiative corrections or be present due
to e.g. a type-II seesaw [30–34] contribution.
4
ml d D Oc V Total
Moduli 3 3 3 3 3 15 = 9 + 6
Phases −3 0 0 3 6 6
Table 1: Physical parameter counting in type-I seesaw with three sterile neutrinos. The 15
moduli correspond to 9 lepton masses (3 charged-lepton masses and 6 neutrino masses) and to
6 mixing angles. There are 6 physical phases, as rephasing the charged leptons can remove 3
phases from V . Recall that ml is real and diagonal in the considered weak basis.
where Oc is a complex orthogonal matrix, i.e., OTc Oc = OcO
T
c = 1. Explicitly,
|Xi j|=
∣∣∣∣(Oc)i j√m jMi
∣∣∣∣ . (2.15)
Since Oc is an orthogonal complex matrix, not all of its elements need to be small. Furthermore,
not all the Mi need to be much larger than the electroweak scale, in order for the seesaw
mechanism to lead to naturally suppressed neutrino masses. These observations about the size
of the elements of X are especially relevant in view of the fact that some of the important physical
implications of the seesaw model depend crucially on X . In particular, the deviations of 3×3
unitarity are controlled by X , as shown in Eq. (2.8). On the other hand, from Eq. (2.13) one
can also see that X must not vanish, in order to account for the non-zero light neutrino masses.
Several authors have adopted different types of parametrisations for the full mixing matrix, in
the context of seesaw models, see for example [35–39]. Some of these are approximate and apply
to specific limits or to models with fewer than three sterile neutrinos, others are exact and do
not depend on the number of sterile neutrinos like in our case.5 Some of these parametrisations
were derived to deal with special types of analyses and may become cumbersome when adopted
for other purposes. We find our parametrisation very useful since it is particularly simple and
parametrises, in a concise and exact form, all deviations from unitarity by a single matrix X .
From the above, one concludes that the set {ml,d,D,V,Oc} of matrices is sufficient to describe
lepton masses and mixing at tree level. In the working weak basis, there are 9 lepton masses
in the first three matrices, while mixing is parametrised by 6 angles and 6 CP-violating (CPV)
phases, contained in the unitary matrix V and in the orthogonal deviation matrix Oc. Parameter
counting is summarised in Table 1 and is in agreement with, e.g., Refs. [40–42]. Coincidentally,
these numbers of angles and CPV phases match those of a general 3+1 scenario (see e.g. [43]),
even though three right-handed neutrinos have been added to the SM. This is a consequence
of having a type-I seesaw UV completion, which requires the zero block in Eq. (2.2).
In this paper, we consider the possibility of having at least one sterile neutrino with a mass of
order eV arising from the seesaw mechanism in a model with three right-handed neutrinos added
to the SM. We analyse the different aspects and consequences of the phenomenology of such a
model. With this aim, relations between observables and parameters which are independent of
the seesaw limit are derived in the following subsection.
5 Although we have applied our parametrisation to a scenario with three sterile neutrinos, it is applicable to
cases where the number q of sterile neutrinos differs from 3. We are then in the presence of a rectangular 3×q
Dirac mass matrix m and of a q×3 rectangular X matrix, with everything else remaining consistent.
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2.2 Exact Relations at Tree Level
From Eqs. (2.3) and (2.7), one can extract a general and exact formula for the neutrino Dirac
mass matrix m in Eq. (2.2), valid for any weak basis and any scale of M:
m = KX†D
(
Z−1
)∗
= −iK
√
dO†c
√
D
(
Z−1
)∗
. (2.16)
Recall that, in our working weak basis, ml is diagonal and K is directly identified with the
non-unitary PMNS matrix. Moreover, K and Z take the forms given in Eq. (2.11) and one has:
m = V
√
(1+X†X)−1X†D
√
1+X∗XT
= −iV
√
(1+X†X)−1
√
dO†c
√
D
√
1+X∗XT .
(2.17)
This exact formula is to be contrasted with the known parametrisation for the neutrino Dirac
mass matrix developed by Casas and Ibarra [44], which is valid in the standard seesaw limit of
M m and reads
m ' −iUPMNS
√
dOCIc
√
D , (2.18)
in the weak basis where ml and M = diag(M˜1,M˜2,M˜3) ≡ D˜ are diagonal. Here, OCIc is an
orthogonal complex matrix and UPMNS represents the approximately unitary lepton mixing
matrix. In this limit of M m, the light neutrino mass matrix mν can be approximated by:
mν ' −mM−1mT . (2.19)
It is clear from (2.17) that one can obtain Eq. (2.18) as a limiting case of Eq. (2.16) through an
expansion in powers of X . Keeping only the leading term, unitarity is regained with UPMNS 'V
and one can identify the complex orthogonal matrices: OCIc = O
†
c .
As a side note, let us remark that it is possible to obtain a parametrisation for m which is exact
and holds in a general weak basis by following the Casas-Ibarra procedure. One finds:
m = −iUν
√
d˜ O˜CIc
√
D˜ ΣTM, (2.20)
where once again O˜CIc is a complex symmetric matrix. However, d˜ and D˜ do not contain physical
masses, but are instead diagonal matrices with non-negative entries obtained from the Takagi
decompositions −mM−1m = Uν d˜UTν and M = ΣM D˜ΣTM, with Uν and ΣM unitary. The matrix
ΣM is unphysical, as it can be rotated away by a weak basis transformation diagonalising M.
Even though this parametrisation resembles that of Eq. (2.17), the latter may be preferable
since it directly makes use of low-energy observables. Only in the limit Mm, where Eq. (2.19)
and d˜ ' d, D˜ ' D hold, does Eq. (2.20) reduce to the approximate relation (2.18), in a weak
basis of diagonal charged leptons and diagonal sterile neutrinos.
At this stage, one may wonder whether there exists an exact relation, analogous to Eq. (2.19)
which is valid in any region of parameter space. One can actually deduce such a relation for
an arbitrary number of active and sterile neutrinos. Consider the following decomposition of a
block-diagonal matrix:[
A B
C D
]
=
[
1(p×p) B
0 D
][
A−BD−1C 0
D−1C 1(q×q)
]
, (2.21)
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where A, B, C, and D are complex p× p, p×q, q× p, and q×q matrices, respectively, and one
has assumed that D is non-singular. From this it follows that
det
[
A B
C D
]
= det
(
A−BD−1C) det D . (2.22)
In a general type-I seesaw scenario, A= 0, B= CT = m and D= M, and one obtains∣∣∣∣det[ 0 mmT M
]∣∣∣∣= |det m|2 , (2.23)
which leads to
m1 . . .mp =
|det m|2
M1 . . .Mq
, (2.24)
with mi (i= 1, . . . , p) and M j ( j = 1, . . . ,q) denoting the neutrino masses. For the case of interest,
p = q = 3 and one has:
m1m2m3 =
|det m|2
M1M2M3
. (2.25)
We stress that these relations are exact and that no assumptions have been made about the
relative sizes of the mi and M j. It is clear from Eq. (2.25) that the smallness of neutrino masses
in this framework may have its origin in the largeness of the M j (with respect to the EW scale),
or in the suppression of |det m| due to e.g. an approximate symmetry.
3 The Size of Deviations from Unitarity
Present neutrino experiments put stringent constraints on the deviations from unitarity [45–50].
In the framework of the type-I seesaw, it is the block K of the matrix V that takes the role
played by the UPMNS matrix at low energies, typically taken as unitary and parametrised
accordingly (see e.g. the standard parametrisation [3]). Clearly, in this framework, K is no
longer a unitary matrix. When considering the deviations from unitarity of K, one must comply
with experimental bounds, while at the same time investigate whether it is possible to obtain
deviations that are sizeable enough to be detected experimentally in the near future. Using
the above parametrisation, this translates into making appropriate choices for the matrix X .
Deviations from unitarity of K can be parametrised as the product of an Hermitian matrix by
a unitary matrix [49]:
K = (1−η)V , (3.1)
where η is an Hermitian matrix. In the previous section, we have instead parametrised K with
an Hermitian matrix to the right and the unitary matrix V to the left, see Eq. (2.11). These
right- and left-polar decompositions are unique since we are dealing with a non-singular K by
assumption. Moreover, they can be connected explicitly:
η = V
(
1−
√
(1+X†X)−1
)
V † = 1−UK
(√
1+d2X
)−1
U†K . (3.2)
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Expanding in powers of X (or equivalently of dX), one obtains
η =
1
2
UK d2XU
†
K +O(d
4
X) =
1
2
V X†XV † +O(X4) . (3.3)
Constraints on the entries of η depend on the mass scale of the new neutrinos. Bounds on η
can be found in the literature for the scenario in which all three heavier neutrinos have masses
above the EW scale [48,49]. As pointed out in [49], in such a case it is very useful to parametrise
K with the unitary matrix on the right, due to the fact that, experimentally, it is not possible to
determine which physical light neutrino is produced. Therefore, one must sum over the massive
neutrino fields and observables depend on KK†. From the unitarity relation KK†+RR† = 1 and
Eq. (3.1), one has
KK† = 1−RR† = 1−2η+η2 ⇒ η = 1
2
RR† +O(R4) , (3.4)
i.e. there is a straightforward connection between KK†, RR† and the deviations from unitarity,
expressed in η.
When one has one or more light sterile neutrinos, the aforementioned bounds cannot be di-
rectly applied, as some states are kinematically accessible and different sets of experimental
constraints need to be taken into account, depending on the spectrum at hand. In this case,
observables can constrain directly the entries of R, and not just the product RR†. For light
sterile neutrinos with eV-scale masses, the most stringent bounds on deviations from unitarity
come from oscillation experiments [50], such as BUGEY-3 [51], MINOS [52], NOMAD [53, 54]
and Super-Kamiokande [55]. In our analysis, the relevant exclusion curves in the sin2 2ϑαβ –
∆m2 planes (see section 5) are considered and translated into constraints on the elements of the
mixing matrix block R. If one is dealing instead with keV or GeV – TeV sterile neutrinos, it is
important to take into account the experimental bounds coming from β-decay experiments (see
e.g. [56] and references within) and from LHC searches for heavy Majorana neutrinos [57–63].
Another crucial experimental input, also taken into account in our analysis, is the limit on
the µ→ eγ branching ratio obtained by the MEG Collaboration, BR(µ→ eγ) < 4.2× 10−13
(90% CL) [64], one of the most stringent bounds on lepton flavour violating processes. This
bound is expected to be relevant whenever the heavier neutrino masses are around or above the
EW scale, as a GIM cancellation arises for lighter states (see for instance Eq. (40) of Ref. [49]).
3.1 Restrictions on the Neutrino Mass Spectrum
The type-I seesaw model that we consider here, with at least one sterile neutrino with a mass
around 1 eV, also leads to some restrictions on the light neutrino mass spectrum at tree level.
In particular, we find an upper bound on the mass mmin of the lightest neutrino, as a function
of the deviations from unitarity.
Taking into account the parametrisation (2.14) for the matrix X controlling deviations from
unitarity, and for eigenvalues d2Xi (i = 1,2,3) of X
†X , we have:
tr
[
X†X
]
= tr
[
O†cD
−1Oc d
]
= d2X1 +d
2
X2 +d
2
X3 . (3.5)
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From this, and recalling that d = diag(m1,m2,m3) and D = diag(M1,M2,M3), we obtain
∑
k
1
Mk
(
m1 |Ock1|2 +m2 |Ock2|2 +m3 |Ock3|2
)
= d2X1 +d
2
X2 +d
2
X3 , (3.6)
and conclude that
mmin
M1
(
|Oc11|2 + |Oc12|2 + |Oc13|2
)
< d2X1 +d
2
X2 +d
2
X3 , (3.7)
where naturally M1 ≤ M2 ≤ M3 and mmin = m1 (m3) for normal (inverted) ordering. Then,
inserting the inequality ∑i
∣∣Oc1i∣∣2 ≥ 1, valid for any orthogonal complex matrix, we find
mmin <
(
d2X1 +d
2
X2 +d
2
X3
)
M1 . (3.8)
As discussed, when one has one or more light sterile neutrinos, the typical stringent conditions
on the deviations from unitarity do not apply. Thus, one may consider larger deviations from
unitarity, even of the order of the smallest UPMNS angle, i.e. O(0.1) [50]. Since in the scenarios
of interest the lightest of the heaviest neutrinos has a mass of M1 ∼ 1 eV, using Eq. (3.8) we
find a bound for the mass of the lightest neutrino:
mmin . 0.1 eV . (3.9)
Note that this bound becomes stronger as one considers smaller and smaller deviations from
unitarity. Taking into account the measured light neutrino mass-squared differences, we con-
clude that the light neutrinos cannot have masses above O(0.1) eV under these conditions, a
statement which is also supported by cosmological bounds [65].
3.2 Neutrino Oscillations
In the presence of deviations from unitarity, neutrino oscillation probabilities are modified [46,
50]. If n of the heavier neutrinos are accessible at oscillation experiments, then a 3× (3+ n)
submatrix Θ of V enters the computation of oscillation probabilities,
Θ =
(
K R3×n
)
, (3.10)
where R3×n contains the first n columns of R. For a given experimental setup, and depending on
their masses, the heavier states may already be produced incoherently or instead lose coherence
before reaching the detector, due to wave-packet separation (see e.g. [66]). The probability of
transition between flavour (anti-)neutrinos ν(–)α and ν
(–)
β, or of survival for a given flavour (α= β),
with α,β= e,µ,τ, can be shown to take the form
Pν(–)α→ν
(–)
β
(L,E) =
1
(ΘΘ†)αα(ΘΘ†)ββ
[∣∣∣(ΘΘ†)αβ∣∣∣2−43+n∑
i> j
Re
(
Θ∗αiΘβiΘα jΘ
∗
β j
)
sin2∆i j
±2
3+n
∑
i> j
Im
(
Θ∗αiΘβiΘα jΘ
∗
β j
)
sin2∆i j
]
,
(3.11)
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where the plus or minus sign in the second line refers to neutrinos or anti-neutrinos, respectively.
Here, L denotes the source-detector distance, E is the (anti-)neutrino energy, and one has defined
∆i j ≡ ∆m
2
ikL
4E
' 1.27 ∆m
2
i j[eV
2]L[km]
E[GeV]
, (3.12)
with mass-squared differences ∆m2i j ≡ m2i −m2j , as usual.
Note that if n = 3 then ΘΘ† = KK† +RR† = 13×3 due to the unitarity of the full 6×6 mixing
matrix V and Eq. (3.11) reduces to the usual unitary formula. It should be pointed out that
the normalisation (ΘΘ†)αα(ΘΘ†)ββ in (3.11) will cancel in the experimental event rates, due
to similar correction factors appearing in production rates and detection cross-sections [46,66].
Nevertheless, we explicitly keep it in subsequent expressions. It will turn out to be negligibly
close to unity for our particular numerical examples. The term proportional to |(ΘΘ†)αβ|2 is
instead known to correspond to a “zero-distance” effect [46, 67]. It will also turn out to be
negligible for our explicit numerical examples.
In what follows, we will consider approximate forms of Eq. (3.11), having in mind SBL and
long-baseline (LBL) experimental setups. Since LBL experiments realistically need to take
matter effects into account, our formulae in those cases are simply indicative.
4 Structure of the Mass Matrix
4.1 One-loop Corrections
So far we have focused on neutrino masses and mixing at tree level. However, in general,
one expects one-loop corrections δML to the 0(3×3) block of M in Eq. (2.2). As these are
not guaranteed to be negligible, one should keep track of them in order to properly scan the
parameter space of seesaw models. They are inherently finite and are given by [68, 69] (see
also [70]):
δML = δMZL +δM
H
L , (4.1)
where δMZL and δMHL represent contributions depending on the Z and Higgs boson masses, mZ
and mH , respectively. Explicitly, one has (see also Appendix A of Ref. [69]):
δMZL =
3
32pi2 v2
(
K R
) D3
D2/m2Z−1
log
(
D2
m2Z
) (
KT
RT
)
,
δMHL =
1
32pi2 v2
(
K R
) D3
D2/m2H−1
log
(
D2
m2H
) (
KT
RT
)
,
(4.2)
in a generic weak basis, with v' 174 GeV being the Higgs VEV and with D, K and R given in
Eqs. (2.4) and (2.11). This result can be cast in a simple form:
δML = K f (d)KT +R f (D)RT , (4.3)
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where naturally f is applied element-wise to diagonal matrices, with
f (m) ≡ m
3
(4piv)2
(
3log(m/mZ)
m2/m2Z−1
+
log(m/mH)
m2/m2H−1
)
. (4.4)
Models with very small deviations from unitarity (standard seesaw) have a very small X and
hence a correspondingly small R = KX†. For these, the one-loop δML corrections are negligible,
as can be seen from Eq. (4.3). Namely (aside from the loop-factor suppression), the terms with
K are suppressed by the light neutrino masses d, whereas the effect of the heavier neutrino
masses in D is regulated by the small entries of R. However, in models with sizeable deviations
from unitarity, R is not small and controlling δML requires a mechanism such as a symmetry
at the Lagrangian level.
4.2 Approximately Conserved Lepton Number
Relatively light sterile neutrinos can arise naturally in a seesaw framework in the presence of an
approximately conserved lepton number [71–73]. Such a U(1)L symmetry, when exact, imposes
specific textures on the mass matrices m and M. These textures may be slightly perturbed
when the symmetry is approximate,6 allowing for non-vanishing Majorana neutrino masses and
non-trivial mixing.
We are interested in scenarios where at least one of the mostly-sterile neutrinos is light, with a
mass of O(eV), in order to establish a connection to the SBL anomalies. We are further looking
for situations where some of the Yukawa couplings are of order one. The choice of lepton charges
should then be such that, in the exact conservation limit: i) M has zero determinant,7 and ii)
not all entries of m are small. These conditions limit the possible U(1)L charge assignments.
The possibility of having a conserved (non-standard) lepton number has been considered in the
past [28,76,77]. Following the analysis of Ref. [28], we work in a certain ‘symmetry’ weak basis
in which lepton charge vectors λν and λL are assigned to the three right-handed neutrino singlets
and to the three lepton doublets, respectively. As anticipated in section 2.1, one generically
has Σ 6= 1 in Eq. (2.10). Up to permutations, there are only 4 non-trivial choices of U(1)L
charges leading to an M with zero determinant in the exact conservation limit: λν = (1,1,0),
λν = (1,−1,−1), λν = (1,1,1) and λν = (0,0,1). Of these four, λν = (1,1,1) is not viable as it
imposes M = 0, and λν = (0,0,1) is discarded since requiring controlled loop corrections in our
framework effectively reduces it to the case with λν = (1,−1,−1). We look into in the remaining
two options λν = (1,1,0) and λν = (1,−1,−1) in what follows. Given λν, the choice of λL follows
from the requirements that the seesaw mechanism is operative for all light neutrinos and that
all left-handed neutrinos are allowed to couple to the right-handed ones [28].
6We allow for small perturbations to all entries of m and M, without any presumption regarding their origin.
The case where only M departs from its symmetric texture, which manifestly corresponds to a soft breaking of
the lepton number symmetry, was considered in Refs. [74,75].
7In previous work [29], several cases were analysed following the U(1)L charge assignment λν = (1,−1,0) and
λL = (1,1,1), which however implies detM 6= 0 in the symmetric limit.
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4.2.1 Case I: λν = (1,1,0)
For this case, the only sensible choice for the doublet charges is λL = (0,0,0). The mass matrices
in the symmetric limit read:
m =
 0 0 a0 0 b
0 0 c
 , M =
 0 0 00 0 0
0 0 M3
 . (4.5)
Breaking the symmetry will generate the light neutrino masses, two (mostly-)sterile states with
masses M1 and M2 that can be much smaller than M3, and a heavy sterile with a mass close
to M3. As expected, some Yukawa couplings remain of O(1), which can also be understood
from Eq. (2.16), expressing the dependence of the Dirac mass matrix m on the sterile masses
contained in D. This case is further separated into two subcases: one can allow for a hierarchy
M2M1 (case Ia), which may arise in a scenario of stepwise symmetry breaking, or instead
focus on a single new light-sterile scale, with M1 ∼M2 (case Ib).
4.2.2 Case II: λν = (1,−1,−1)
For this case, one is instead led to λL = (1,1,1). In the exact conservation limit, the mass
matrices are given by:
m =
 a 0 0b 0 0
c 0 0
 , M =
 0 A BA 0 0
B 0 0
 . (4.6)
In this limit, one has two degenerate neutrinos with mass
√
|A|2 + |B|2 and opposite CP parities,
forming a single heavy Dirac particle. Breaking the symmetry will allow for the generation of
light neutrino masses and for another massive sterile state to arise, with a mass than can be
much smaller than |A| and |B|. It will additionally lift the mass degeneracy for the Dirac
neutrino, producing a pseudo-Dirac neutrino pair [76, 78]. As pointed out in [79], a strong
mass degeneracy translates into a symmetry in the R block of the mixing matrix, namely
Rα2 '±iRα3 (α= e,µ,τ). Such a relation can be seen to play a fundamental role in suppressing
the effect of the large masses M2 and M3 in the one-loop correction δML, see Eq. (4.3). It
signals that one is close to the limit of lepton number conservation, even if Rα2 and Rα3 are
not extremely suppressed.8 One is then allowed to have relatively large Yukawa couplings even
if M2 'M3 are not as large as the M3 of case I. This can be seen from Eq. (2.16), which can
be written in the form m = RD
(
Z−1
)∗
. The mass of the pseudo-Dirac pair can be at the TeV
scale [73, 79–82], since the size of the lightest neutrino masses is protected by approximate
lepton number conservation. The same symmetry and effects are present in the examples given
in Ref. [29].
In the following section, we perform a numerical analysis focusing on cases Ia, Ib and II and
incorporating an eV sterile neutrino in the seesaw spectrum while allowing for a mixing matrix
K with sizeable deviations from unitarity.
8Nonetheless, it is true that in the exact conservation limit d = X = R = 0.
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5 Numerical Analysis and Benchmarks
For each of the cases Ia, Ib and II defined in the previous section, we explicitly provide a numer-
ical benchmark for the seesaw mass matrices, and explore the parameter space of qualitatively
similar seesaw structures. As anticipated in section 3.2, we further provide approximate forms
of the transition probabilities of muon to electron (anti-)neutrinos, Pν(–)µ→ν
(–)
e
, obtained from
Eq. (3.11) while having in mind SBL and LBL setups, for each of the three scenarios. Given
that recent global fits [83, 84] disfavour a light neutrino mass spectrum with inverted ordering
(IO) with respect to one with normal ordering (NO) at more than the 3σ level, we restrict the
mass ordering to NO in our numerical examples.
Before proceeding, note that the three scenarios of interest exhibit some correspondence to
the commonly considered 3+1+1 (case Ia), 3+2 (case Ib), and 3+1 (case II) schemes, see for
instance [20]. Thus, even though the connection to the latter is not exact – in particular, the
spectrum of case Ib is not that of a typical 3+2 scenario – it may prove useful to consider
quantities therein defined in our analysis, namely [85]
sin2 2ϑ(k)µe ≡ 4
∣∣Θµk∣∣2 ∣∣Θek∣∣2 , (5.1)
with k = 4 in the 3+1 case, while k = 4,5 for the other two cases. According to the global fit
to SBL data of Ref. [85], explaining the observed anomalies requires ∆m241 ∈ [0.87, 2.04] eV2
and sin2 2ϑ(4)µe ∈ [6.5× 10−4, 2.6× 10−3] (99.7% CL) in the 3+1 scheme. This result may also
be of relevance in the 3+1+1 scheme. Although we take these intervals as guidelines in our
numerical explorations, it is not our aim to address the tensions in the current experimental
situation of the SBL anomalies. Thus, we only restrict our sterile neutrino parameter space at
the outset through the conservative bounds ∑i |Rαi|2 < 0.1 (α= e,µ,τ), and via the constraints
of [53,54,56] on mixing matrix elements corresponding to large mass-squared differences ∆m2 ∼
10 eV2−1 keV2, as anticipated in section 3.
5.1 Case Ia: M1M2M3
The numerical data for the benchmark corresponding to this case is given in Table 2a, where the
one-loop correction of Eq. (4.3) has been taken into account. Apart from the three light mostly-
-active neutrinos, the spectrum includes three mostly-sterile neutrinos with masses M1 ∼ 1 eV,
M2 ∼ 1 keV, and M3 a few orders of magnitude below the grand unification (GUT) scale,
M3 ∼ 1014 GeV. The keV-scale neutrino may be a viable dark matter candidate [56,86].
For the spectrum of case Ia, one has n = 2 in Eq. (3.10). In the context of a LBL experiment
(e.g. DUNE [87]), the expression of Eq. (3.11) applied to the transition probability of muon to
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Case Ia numerical benchmark
m (GeV)
 (2.11−5.58 i)×10−11 (1.29+1.65 i)×10−9 11.2−10.9 i(0.85+2.22 i)×10−10 (−5.29+3.99 i)×10−9 10.4+0.4 i
(−0.26+1.98 i)×10−10 (−4.51−1.05 i)×10−9 −10.5−34.6 i

M (GeV)
8.93×10−10 4.45×10−11 1.28×10−134.45×10−11 1.00×10−6 6.22×10−11
1.28×10−13 6.22×10−11 5.00×1014

K
−0.797+0.071 i 0.578+0.006 i −0.115+0.096 i0.293−0.086 i 0.575+0.027 i 0.719+0.010 i
−0.516−0.004 i −0.570+0.020 i 0.606

R
 0.024−0.057 i (1.29+1.65 i)×10−3 (−2.24+2.18 i)×10−140.093+0.223 i (−5.29+3.99 i)×10−3 (−2.08+0.08 i)×10−14
−0.026+0.199 i (−4.51−1.05 i)×10−3 (−2.10+6.92 i)×10−14

X
 −0.003−0.015 i 0.102+0.023 i 0.050−0.317 i(−5.12+1.72 i)×10−4 (0.46−4.33 i)×10−3 (−7.30−2.18 i)×10−3
(0.23+5.33 i)×10−14 (−3.44+2.75 i)×10−14 (0.36−4.41 i)×10−14

Oc (tree level)
−0.53+0.12 i 0.22−1.12 i −1.41−0.22 i0.22+0.56 i −1.50−0.13 i −0.30+1.03 i
1.00−0.06 i 0.23+0.25 i −0.14−0.01 i

Masses
m1 ' 1.06×10−3 eV , m2 ' 8.48×10−3 eV , m3 ' 5.02×10−2 eV ,
M1 ' 1.00 eV , M2 ' 1.00 keV , M3 ' 5.00×1014 GeV
3ν ∆m2 ∆m2 = ∆m221 ' 7.08×10−5 eV2 , ∆m2atm = ∆m231 ' 2.52×10−3 eV2
3ν mixing angles sin2θ12 ' 0.344 , sin2θ23 ' 0.585 , sin2θ13 ' 0.0236
3ν CPV phases δ' 1.21pi , α21 ' 0.06pi , α31 ' 0.06pi
sin2 2ϑ(i)µe sin2 2ϑ
(4)
µe ' 8.8×10−4 , sin2 2ϑ(5)µe ' 7.7×10−10
Table 2a: Numerical benchmark for case Ia. The ordering of light neutrinos is NO. From the
input matrices m and M, and taking into account one-loop corrections, the other quantities
here listed follow. It should be noted that Oc of Eq. (2.14) is only defined at tree level. Values
for the mixing angles and CPV phases of the 3ν-framework in the standard parametrisation [3]
are extracted by identifying the unitary matrix V with a unitary 3×3 PMNS mixing matrix.
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electron (anti-)neutrinos can, in this case, be approximated by:
PLBLν(–)µ→ν
(–)
e
' 1
(ΘΘ†)µµ(ΘΘ†)ee
[∣∣∣(ΘΘ†)µe∣∣∣2
−4
3
∑
i> j
Re
(
Θ∗µiΘeiΘµ jΘ
∗
e j
)
sin2∆i j±2
3
∑
i> j
Im
(
Θ∗µiΘeiΘµ jΘ
∗
e j
)
sin2∆i j
−4 · 1
2
Re
(
Θ∗µ4Θe4
3
∑
j=1
Θµ jΘ∗e j
)
−4 · 1
2
Re
(
Θ∗µ5Θe5
4
∑
j=1
Θµ jΘ∗e j
)]
,
(5.2)
where terms depending on ∆4 j, ∆5 j 1 have been replaced by their averaged versions (sin2∆i j→
1/2, sin2∆i j→ 0). While the normalisation and the first term in this equation signal the loss
of unitarity and a zero-distance effect, respectively, the last two terms explicitly represent the
effects of the two lightest mostly-sterile states in oscillations. If one is in a condition similar to
that of the numerical benchmark of Table 2a, for which |(ΘΘ†)µµ(ΘΘ†)ee− 1| and |(ΘΘ†)µe|2
are negligible, this expression can be further approximated by:
PLBLν(–)µ→ν
(–)
e
' PLBL, 3ν
ν(–)µ→ν
(–)
e
+
1
2
sin2 2ϑ(4)µe , (5.3)
where we have defined a 3ν-framework transition probability which, however, incorporates the
effects of deviations of K from unitarity,
PLBL, 3ν
ν(–)µ→ν
(–)
e
≡ −4
3
∑
i> j
Re
(
Θ∗µiΘeiΘµ jΘ
∗
e j
)
sin2∆i j±2
3
∑
i> j
Im
(
Θ∗µiΘeiΘµ jΘ
∗
e j
)
sin2∆i j , (5.4)
and have used the definition of Eq. (5.1), the unitarity of the full 6×6 mixing matrix, and the
fact that |Θα4|2(= |Rα1|2) |Θα5|2(= |Rα2|2)≫ |Rα3|2.
In a SBL experiment (e.g. MicroBooNE [88]), the relevant form of Eq. (3.11) for ν(–)µ → ν(–)e
transitions is:
PSBLν(–)µ→ν
(–)
e
' 1
(ΘΘ†)µµ(ΘΘ†)ee
[∣∣∣(ΘΘ†)µe∣∣∣2−4 · 12 Re
(
Θ∗µ5Θe5
4
∑
j=1
Θµ jΘ∗e j
)
−4 Re
(
Θ∗µ4Θe4
3
∑
j=1
Θµ jΘ∗e j
)
sin2∆41±2 Im
(
Θ∗µ4Θe4
3
∑
j=1
Θµ jΘ∗e j
)
sin2∆41
]
,
(5.5)
with ∆41 ' ∆42 ' ∆43, and where terms depending on ∆5 j  1 have been replaced by their
averaged versions (sin2∆5 j→ 1/2, sin2∆5 j→ 0). In this context, one is sensitive to oscillations
due to the scale of the mass-squared differences ∆m24 j with j = 1,2,3, while the oscillations
pertaining to smaller mass-squared differences have not yet had a chance to develop. Finally, if
one is in a condition similar to that of the numerical benchmark, this expression can be simply
approximated by:
PSBLν(–)µ→ν
(–)
e
' sin2 2ϑ(4)µe sin2∆41 , (5.6)
where once again one has taken into account the unitarity of the full mixing matrix and the
fact that |Rα1|2 |Rα2|2≫ |Rα3|2.
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Figure 1: Active-sterile mixing measure sin2 2ϑ(4)µe versus the lightest neutrino mass mmin from
a scan of the case-Ia parameter space, with NO (mmin = m1). The heavy spectrum at tree
level has M1 = 1 eV and M2 = 1 keV, while three values of the heaviest mass are considered,
M3 = 1013 (1014) [5× 1014] GeV, corresponding to the black (dark blue) [light blue] points in
the scatter plot. The horizontal green band shows the 99.7% CL interval of Ref. [85], while the
vertical red exclusion band is obtained by combining the most stringent bound on the sum of
light neutrino masses from cosmology, ∑imi < 0.12 eV (95% CL) [89] [4], with the 3σ ranges of
mass-squared differences. The dark green contour delimits the region inside which loop-stable
points have been found (see text), while the benchmark of Table 2a is marked in yellow.
To further explore the parameter space of case Ia, we have produced numerical seesaw structures
by specifying tree-level values of the unitary part V of the mixing matrix K, the mostly-active
and mostly-sterile masses in d and D, and by scanning the complex orthogonal matrix Oc,
parametrised as a product of three complex rotations times a sign corresponding to its determi-
nant. We are interested in seesaw structures qualitatively similar to our benchmark, so that we
specify (at tree level) M1 = 1 eV and M2 = 1 keV, while considering three different values for the
heaviest neutrino mass, M3 ∈ {1013, 1014, 5×1014} GeV. While the lightest neutrino mass mmin
is scanned in the range [10−4, 0.1] eV, the remaining elements of d are fixed by specifying the
solar and atmospheric mass differences. The 3ν mixing angles and Dirac CPV phase entering
V as well as the aforementioned 3ν mass-squared differences are chosen to be the central values
of the global fit of Ref. [84]. We stress that, as was the case for the numerical benchmark of
Table 2a, 3ν mixing angles and CPV phases obtained while identifying V with a unitary 3×3
mixing matrix are expected to deviate slightly from the mixing angles and CPV phases arising
in a parametrisation of the full 6× 6 mixing matrix V , due to deviations from unitarity. In
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Figure 1 we show the values of sin2 2ϑ(4)µe in Eq. (5.1) against the values of the lightest neutrino
mass, for the numerical examples found for case Ia. Only points for which tr
[
mm†
]∈ [0.01, 1]v2
are kept.9 The horizontal green band highlights the range of sin2 2ϑ(4)µe preferred by the global fit
of Ref. [85] and cited at the beginning of this section. The dark green contour instead delimits
the region inside which relatively loop-stable points can be found, i.e. points which, after the
one-loop correction of Eq. (4.3) has been implemented, still have 3ν mass-squared differences
and mixing angles (extracted from V ) inside the 3σ ranges of the fit [84]. From the figure it
can be seen that raising the scale of M3 will lower the scale of the light neutrino masses, disal-
lowing too large values of mmin. The approximations used in deriving the oscillation formulae
of Eqs. (5.3) and (5.6) hold for all the plotted points.
Some quantities of potential phenomenological relevance, unrelated to neutrino oscillations,
include the effective electron neutrino mass in β-decay, mβ, the absolute value of the effective
neutrino Majorana mass controlling the rate of neutrinoless double beta ((ββ)0ν-)decay, |mββ|,
and the µ→ eγ branching ratio, BR(µ→ eγ). For all numerical examples pertaining to case Ia
which are stable under loop corrections, the latter is unobservably small BR(µ→ eγ) 10−30,
while the former two are bounded by mβ < 9.4 meV and |mββ| < 6.7 meV, and hence still out
of reach of present and near-future experiments. In the computation of |mββ|, the effects of the
eV- and keV-scale neutrinos have been taken into account.
In the presence of a relatively large active-sterile mixing, future KATRIN-like experiments
may be sensitive to the existence of sterile neutrinos with O(eV) masses [90]. This sensitivity
is controlled by |Re1|2 = |Ve4|2, which is found to be bounded by |Re4|2 . 0.02 for the loop-
-stable numerical examples of this case. Sterile neutrinos with O(keV) masses may instead be
detectable via kink-like signatures in next-generation β-decay experiments, even in the presence
of small mixing |Re2|2 = |Ve5|2 ∼ 10−6 [91].
5.2 Case Ib: M1 ∼M2M3
The numerical data for the benchmark corresponding to this case is given in Table 2b. Apart
from the three light mostly-active neutrinos, the spectrum includes three mostly-sterile neutri-
nos with masses M1 ∼M2 ∼ 3 eV, such that M22−M21 ' 1 eV2, while M3 ∼ 1014 GeV.
For the spectrum of case Ib, one has n = 2 in Eq. (3.10). In a LBL context, the expression
of Eq. (3.11) applied to the transition probability of muon to electron (anti-)neutrinos can
be approximated by the same expression (5.2) given for case Ia. Once again, the last two
terms in that equation explicitly show the effects of the two lightest mostly-sterile states in
oscillations. If one is in a condition similar to that of the benchmark of Table 2b, for which
|(ΘΘ†)µµ(ΘΘ†)ee−1| and |(ΘΘ†)µe|2 are negligible, this expression can be further approximated
by:
PLBLν(–)µ→ν
(–)
e
' PLBL, 3ν
ν(–)µ→ν
(–)
e
+
1
2
[
sin2 2ϑ(4)µe + sin2 2ϑ
(5)
µe +4 Re
(
Θ∗µ4Θe4Θµ5Θ
∗
e5
)]
, (5.7)
where we have used the unitarity of the full 6× 6 mixing matrix, and the fact that |Rα1|2 ∼
|Rα2|2 ≫ |Rα3|2. The latter prevents us from neglecting |Rα2|2 (and hence sin2 2ϑ(5)µe ) with
9One may avoid very small Yukawa couplings by choosing appropriate values for M3 and Oc.
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Case Ib numerical benchmark
m (GeV)
 (0.46−2.57 i)×10−10 (2.37+0.54 i)×10−10 11.24−2.72 i(−5.50−1.04 i)×10−10 (0.68−6.20 i)×10−10 8.90−27.50 i
(−3.69+1.78 i)×10−10 (−1.60−4.45 i)×10−10 −1.85+0.43 i

M (GeV)
 2.88×10−9 8.24×10−11 1.41×10−118.24×10−11 2.87×10−9 1.42×10−11
1.41×10−11 1.42×10−11 1.00×1014

K
−0.799+0.137 i 0.558+0.001 i 0.116−0.071 i0.272−0.172 i 0.582−0.036 i −0.695+0.014 i
−0.480+0.099 i −0.560+0.141 i −0.620−0.019 i

R
0.039+0.077 i 0.067−0.040 i (−1.12+0.27 i)×10−130.156−0.105 i −0.097−0.170 i (−0.89+2.75 i)×10−13
0.061−0.140 i −0.115−0.071 i (1.85−0.43 i)×10−14

X
 −0.003+0.009 i 0.073−0.064 i −0.168−0.196 i−0.009−0.005 i 0.049+0.078 i 0.170−0.185 i
(1.40−5.37 i)×10−14 (−1.47−1.74 i)×10−13 (0.37+2.24 i)×10−13

Oc (tree level)
−1.06−0.51 i −1.10−1.29 i −1.51+1.30 i0.75−1.08 i 1.40−0.83 i −1.46−1.35 i
0.91+0.31 i −0.60+0.44 i 0.32−0.05 i

Masses
m1 ' 0.24×10−3 eV , m2 ' 8.76×10−3 eV , m3 ' 5.00×10−2 eV ,
M1 ' 3.00 eV , M2 ' 3.16 eV , M3 ' 1.00×1014 GeV
3ν ∆m2 ∆m2 = ∆m221 ' 7.66×10−5 eV2 , ∆m2atm = ∆m231 ' 2.50×10−3 eV2
3ν mixing angles sin2θ12 ' 0.327 , sin2θ23 ' 0.562 , sin2θ13 ' 0.0232
3ν CPV phases δ' 1.26pi , α21 ' 0.11pi , α31 ' 0.22pi
sin2 2ϑ(i)µe sin2 2ϑ
(4)
µe ' 1.1×10−3 , sin2 2ϑ(5)µe ' 9.2×10−4
Table 2b: The same as Table 2a for case Ib.
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respect to |Rα1|2 (and sin2 2ϑ(4)µe ), as we did in the previous case.
In a SBL context, the relevant form of Eq. (3.11) for ν(–)µ→ ν(–)e transitions in case Ib is:
PSBLν(–)µ→ν
(–)
e
' 1
(ΘΘ†)µµ(ΘΘ†)ee
[∣∣∣(ΘΘ†)µe∣∣∣2
−4 · 1
2
Re
(
Θ∗µ4Θe4
3
∑
j=1
Θµ jΘ∗e j
)
−4 · 1
2
Re
(
Θ∗µ5Θe5
3
∑
j=1
Θµ jΘ∗e j
)
−4 Re
(
Θ∗µ5Θe5Θµ4Θ
∗
e4
)
sin2∆54±2 Im
(
Θ∗µ5Θe5Θµ4Θ
∗
e4
)
sin2∆54
]
,
(5.8)
where terms depending on the large ∆4 j and ∆5 j ( j= 1,2,3) have been replaced by their averaged
versions. It is clear that this case does not correspond to a typical 3+2 scenario (see for
instance [85]), since one has ∆m24 j, ∆m
2
5 j ∼ 10 eV2 for j = 1,2,3. Hence, one can be sensitive
to oscillations due to the mass-squared difference ∆m254 ∼ 1 eV2, while oscillations pertaining
to larger differences are averaged out and those driven by smaller mass-squared differences
are underdeveloped. If one is in a condition similar to that of the numerical benchmark, this
expression can be approximated by:
PSBLν(–)µ→ν
(–)
e
' 1
2
(
sin2 2ϑ(4)µe + sin2 2ϑ
(5)
µe
)
+4 Re
(
Θ∗µ4Θe4Θµ5Θ
∗
e5
)
cos2∆54
∓2 Im(Θ∗µ4Θe4Θµ5Θ∗e5)sin2∆54 , (5.9)
where once again we have taken into account the unitarity of the full mixing matrix and the
fact that |Rα1|2 ∼ |Rα2|2≫ |Rα3|2. Notice that, unlike the typical 3+2 case, oscillations here
depend on the square of the cosine of the relevant ∆i j.
To further explore the parameter space of case Ib, we have produced numerical seesaw structures
qualitatively similar to the benchmark by following the procedure described while discussing
case Ia. We have specified (at tree level) M1 = 3.00 eV and M2 = 3.16 eV, and have considered
three different values for the heaviest neutrino mass, M3 ∈{1013, 1014, 5×1014}GeV. In Figure 2
we show the values of the average of sin2 2ϑ(4)µe and sin2 2ϑ
(5)
µe against the values of the lightest
neutrino mass, for the numerical examples found for case Ib. The former quantity is expected to
represent the order of magnitude of potential signals of this case in SBL and LBL experiments.
Only points for which tr
[
mm†
]∈ [0.01, 1]v2 are kept. As before, the dark green contour delimits
the region inside which relatively loop-stable points can be found. Raising the scale of M3 will
again lower the scale of the light neutrino masses. The approximations used in deriving the
oscillation formulae of Eqs. (5.7) and (5.9) are valid for all the plotted points.
For all numerical examples pertaining to case Ib which are stable under loop corrections, BR(µ→
eγ) 10−30 is unobservably small, while one finds mβ < 9.3 meV and |mββ| < 4.6 meV, still
out of reach of present and near-future experiments. In the computation of |mββ|, the effects
of both eV-scale neutrinos have been taken into account. One additionally finds the bounds
|Re4|2, |Re5|2 . 0.01 for the loop-stable numerical examples of this case.
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Case II numerical benchmark
m (GeV)
−4.15+0.47 i (4.51−1.49 i)×10−9 (−1.59+0.13 i)×10−93.98+6.17 i (−5.04−4.64 i)×10−9 (1.52+2.31 i)×10−9
1.53+6.58 i (−1.90−2.68 i)×10−9 (0.59+2.59 i)×10−9

M (GeV)
2.18×10−6 1390 2.961390 −2.19×10−6 5.52×10−7
2.96 5.52×10−7 3.33×10−9

K
 0.825+0.061 i 0.536+0.027 i −0.092+0.108 i−0.302+0.113 i 0.581−0.017 i 0.728−0.052 i
0.455+0.054 i −0.599+0.075 i 0.651+0.002 i

R
 0.063−0.056 i (2.11−0.24 i)×10−3 (−0.24−2.11 i)×10−3−0.066−0.147 i (−2.03−3.13 i)×10−3 (−3.13+2.03 i)×10−3
−0.021−0.036 i (−0.79−3.35 i)×10−3 (−3.35+0.79 i)×10−3

X
 0.042+0.014 i 0.007+0.099 i −0.069+0.140 i(1.48+0.64 i)×10−3 (2.30+0.66 i)×10−4 (−2.11+4.89 i)×10−3
(−0.64+1.48 i)×10−3 (−0.66+2.30 i)×10−4 (−4.89−2.11 i)×10−3

Oc (tree level)
 −0.21+0.62 i −1.02+0.06 i 0.62+0.31 i(−1.11+2.54 i)×104 (−1.05+2.42 i)×103 (2.55+1.12 i)×104
(−2.54−1.11 i)×104 (−2.42−1.05 i)×103 (−1.12+2.55 i)×104

Masses
m1 ' 4.65×10−3 eV , m2 ' 9.47×10−3 eV , m3 ' 5.01×10−2 eV ,
M1 ' 1.00 eV , M2 ' 1390 GeV , M3 ' 1390 GeV
3ν ∆m2 ∆m2 = ∆m221 ' 6.80×10−5 eV2 , ∆m2atm = ∆m231 ' 2.48×10−3 eV2
3ν mixing angles sin2θ12 ' 0.298 , sin2θ23 ' 0.563 , sin2θ13 ' 0.0212
3ν CPV phases δ' 1.32pi , α21 ' 1.99pi , α31 ' 0.02pi
sin2 2ϑ(i)µe sin2 2ϑ
(4)
µe ' 7.4×10−4
Table 2c: The same as Table 2a for case II. For this benchmark, M3−M2 ' 7.6 eV M2,3.
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Figure 2: The average of sin2 2ϑ(4)µe and sin2 2ϑ
(5)
µe versus the lightest neutrino mass mmin, from
a scan of the case-Ib parameter space, with NO (mmin = m1). The heavy spectrum at tree level
has M1 = 3.00 eV and M2 = 3.16 eV, while three values of the heaviest mass are considered,
M3 = 1013 (1014) [5×1014] GeV, corresponding to the black (dark blue) [light blue] points in the
scatter plot. The vertical red band corresponds to the cosmological constraint, as in Figure 1.
The dark green contour delimits the region inside which loop-stable points have been found,
while the benchmark of Table 2b is marked in yellow.
5.3 Case II: M1M2 ∼M3
The numerical data for the benchmark corresponding to this case is given in Table 2c. Apart
from the three light mostly-active neutrinos, the spectrum includes a mostly-sterile neutrino
with mass M1 ∼ 1 eV and a pair of quasi-degenerate neutrinos with masses M2 'M3 ∼ 1 TeV.
From Table 2c one sees that the symmetry in the last two columns of R (recall section 4.2.2)
is tied to an analogous symmetry in the last two rows of X and of Oc. The latter can be
understood from Eqs. (2.11) and (2.14).
For the spectrum of case II, one has n = 1 in Eq. (3.10). In a LBL context, the expression
of Eq. (3.11) applied to the transition probability of muon to electron (anti-)neutrinos can be
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approximated by:
PLBLν(–)µ→ν
(–)
e
' 1
(ΘΘ†)µµ(ΘΘ†)ee
[∣∣∣(ΘΘ†)µe∣∣∣2−4 · 12 Re
(
Θ∗µ4Θe4
3
∑
j=1
Θµ jΘ∗e j
)
−4
3
∑
i> j
Re
(
Θ∗µiΘeiΘµ jΘ
∗
e j
)
sin2∆i j±2
3
∑
i> j
Im
(
Θ∗µiΘeiΘµ jΘ
∗
e j
)
sin2∆i j
]
,
(5.10)
where terms depending on ∆4 j 1 have been replaced by their averaged versions. If one is in
a condition similar to that of the benchmark of Table 2c, for which |(ΘΘ†)µµ(ΘΘ†)ee−1| and
|(ΘΘ†)µe|2 are negligible, this expression can be further approximated by:
PLBLν(–)µ→ν
(–)
e
' PLBL, 3ν
ν(–)µ→ν
(–)
e
+
1
2
sin2 2ϑ(4)µe +4 Re
(
Θ∗µ4Θe4Rµ2R
∗
e2
)
. (5.11)
Here, we have used the unitarity of the full 6×6 mixing matrix, and the approximate symmetry
Rα2 ' iRα3. If, additionally |Θα4|2 = |Rα1|2 |Rα2|2 ' |Rα3|2, the last term can be neglected
and one recovers Eq. (5.3) of case Ia.
In a SBL context, the relevant form of Eq. (3.11) for ν(–)µ→ ν(–)e transitions in case II is:
PSBLν(–)µ→ν
(–)
e
' 1
(ΘΘ†)µµ(ΘΘ†)ee
[∣∣∣(ΘΘ†)µe∣∣∣2−4 Re(Θ∗µ4Θe4 3∑
j=1
Θµ jΘ∗e j
)
sin2∆41
±2 Im
(
Θ∗µ4Θe4
3
∑
j=1
Θµ jΘ∗e j
)
sin2∆41
]
,
(5.12)
with ∆41'∆42'∆43. One is thus sensitive to oscillations due to the scale of mass-squared differ-
ences ∆m24 j with j = 1,2,3, while the oscillations pertaining to smaller mass-squared differences
have not yet developed. If one is in a condition similar to that of the numerical benchmark,
this expression can be approximated by:
PSBLν(–)µ→ν
(–)
e
'
[
sin2 2ϑ(4)µe +8 Re
(
Θ∗µ4Θe4Rµ2R
∗
e2
)]
sin2∆41∓4 Im
(
Θ∗µ4Θe4Rµ2R
∗
e2
)
sin2∆41 , (5.13)
where once again the unitarity of the full mixing matrix has been taken into account, as well
as the relation Rα2 ' iRα3. If also |Rα1|2 |Rα2|2 ' |Rα3|2, then the two terms containing Rα2
in this equation can be neglected and one recovers Eq. (5.6) of case Ia.
To further explore the parameter space of case II, we have produced numerical seesaw structures
qualitatively similar to our benchmark by following a procedure similar to that of case Ia. We
have specified (at tree level) M1 = 1 eV and three different values for the second heaviest
neutrino mass, M2 (' M3) ∈ {8, 14, 20}v, where v ' 174 GeV is the Higgs VEV. We have
further scanned the mass splitting M3−M2 in the interval [0.02, 200] eV. In Figure 3 we show
the values of sin2 2ϑ(4)µe in Eq. (5.1) against the values of the lightest neutrino mass, for the
numerical examples found for case II. Only points for which tr
[
mm†
] ∈ [0.001, 1]v2 are kept.
As before, the horizontal green band highlights the range of sin2 2ϑ(4)µe preferred by the global
fit of Ref. [85] and cited at the beginning of the present section, while the dark green contour
delimits the region inside which relatively loop-stable points can be found. The approximations
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Figure 3: Active-sterile mixing measure sin2 2ϑ(4)µe versus the lightest neutrino mass mmin from
a scan of the case-II parameter space, with NO (mmin = m1). The heavy spectrum at tree
level has M1 = 1 eV, while three values of the heaviest quasi-degenerate masses are considered,
M2 ' M3 = 8v(14v) [20v], corresponding to the black (dark blue) [light blue] points in the
scatter plot. Here, v' 174 GeV is the Higgs VEV. The horizontal green band shows the 99.7%
CL interval of Ref. [85], and the vertical red band corresponds to the cosmological constraint,
as in Figure 1. The dark green contour delimits the region inside which loop-stable points have
been found, while the benchmark of Table 2c is marked in yellow.
used in deriving the oscillation formulae of Eqs. (5.11) and (5.13) are valid for all the plotted
points.
For the numerical examples pertaining to case II which are stable under loop corrections, one
can obtain values of BR(µ→ eγ) close to the MEG upper bound of 4.2× 10−13. Points with
larger values of the branching ratio are excluded from our scan. For the benchmark of Table 2c
one has BR(µ→ eγ) ' 2.0× 10−13. Such effects can be probed by the MEG II update [92],
which is expected to increase the present sensitivity of MEG by one order of magnitude. One
also finds the bounds mβ < 15 meV, |mββ| < 27 meV, and |Re4|2 . 0.02 for the loop-stable
numerical examples of this case. While KATRIN will seek to improve the current bound on
mβ down to 0.2 eV, values of |mββ|& 10−2 eV may be probed in the next generation of (ββ)0ν-
decay experiments [93]. Concerning the prospect of detecting the heavy neutrino pair in future
collider searches, the reader is further referred to the review [94]. If, unlike our benchmark,
the heavy neutrino pair would have a mass in the 1− 100 GeV range and were sufficiently
long-lived, it might lead to displaced vertex signatures [95] and produce resolvable neutrino-
23
antineutrino oscillations at colliders [96]. Finally, the pseudo-Dirac pair of case II might play
a role in explaining the baryon asymmetry of the Universe through resonant leptogenesis [97].
In such a scenario, one should carefully take into account the washout from the interactions of
the lighter sterile neutrino species.10 These interactions may need to be non-standard in order
to reconcile the light sterile neutrino paradigm with cosmology.
The presented explicit numerical examples are merely illustrative. However, they give credit to
our claim that models exhibiting an approximate lepton number symmetry with at least one
sterile neutrino mass at the eV scale are viable and could play a part in explaining the SBL
anomalies. In the next section we look into CP Violation in the present framework in some
detail.
6 CP Violation in this Framework
6.1 Remarks on CP Violation Measurements
In order to analyse CP Violation effects, it is instructive to define CP asymmetries Aαβνν at the
level of oscillation probabilities (see e.g. [99]):
Aαβνν ≡
Pνα→νβ−Pνα→νβ
Pνα→νβ +Pνα→νβ
≡ ∆Pαβ
Pνα→νβ +Pνα→νβ
. (6.1)
We restrict our discussion to the vacuum case, keeping in mind that in a realistic context the
breaking of CP and CPT due to the asymmetry of the matter which neutrinos traverse should be
taken into account. The requirement of CPT invariance results in the relations ∆Pαβ =−∆Pβα
and ∆Pαα = 0. From the unitarity of the full mixing matrix, one further has
∑
β
∆Pαβ = 0 , (6.2)
for any α, with α and β running through the whole index set, α,β= e, µ, τ, s1, . . ., sq. In a 3×3
unitary context, these relations imply that there is only one independent difference, which can
be chosen as ∆Peµ. As shown in [99], in a 4×4 unitary framework they imply the existence of
3 independent differences, say ∆Peµ, ∆Pµτ, and ∆Pτe. In the 6×6 unitary case, we find instead
that there are 10 independent differences ∆Pαβ (see also [100]), while only the three of them
involving just active neutrinos are experimentally relevant. Thus, one should generically expect
different values for ∆Peµ, ∆Pµτ, and ∆Pτe in a given seesaw-type model.
Using Eq. (3.11), with n mostly-sterile neutrinos accessible at an oscillation experiment, one
finds:
∆Pαβ =
4
(ΘΘ†)αα(ΘΘ†)ββ
3+n
∑
i> j
Im
(
Θ∗αiΘβiΘα jΘ
∗
β j
)
sin2∆i j . (6.3)
Even if none of the new sterile states are accessible – corresponding to n= 0 – one is still expects
∆Peµ, ∆Pµτ, and ∆Pτe to be independent, as the relevant 3×3 mixing submatrix Θ(= K) is not
10For an M1 of case II in the range [0.1, 50] keV, see the ISS(2,3) analysis of Ref. [98].
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unitary. This means that it is possible for CP invariance to hold in one oscillation channel,
such as ν(–)µ→ ν(–)e and yet be violated in another, such as ν(–)µ→ ν(–)τ. Indeed, one has:
∆Pµτ = ∆Peµ +
4
∏α=e,µ,τ(ΘΘ†)αα
3
∑
i> j
Im
[
Θ∗µiΘµ j
(
ΘeiΘ∗e j (ΘΘ
†)ττ+ΘτiΘ∗τ j (ΘΘ
†)ee
)]
sin2∆i j ,
(6.4)
∆Pτe = ∆Peµ − 4∏α=e,µ,τ(ΘΘ†)αα
3
∑
i> j
Im
[
Θ∗eiΘe j
(
ΘµiΘ∗µ j (ΘΘ
†)ττ+ΘτiΘ∗τ j (ΘΘ
†)µµ
)]
sin2∆i j .
(6.5)
It is then possible to have a zero ∆Peµ while ∆Pµτ and/or ∆Pτe are non-zero. Notice that if Θ
here were unitary, one would recover ∆Peµ = ∆Pµτ = ∆Pτe. Thus, deviations from unitarity are
a potential source of CP Violation. This should come as no surprise, if one recalls that η in
Eq. (3.1) is a complex hermitian matrix containing, in general, CPV physical phases.
For the cases analysed in sections 4 and 5, one has n = 1,2. Explicit expressions for the CP
asymmetries relevant in a SBL context can be obtained from the approximate relations (5.9)
and (5.13) of cases Ib and II, respectively. Instead, from the relation (5.6) one sees that SBL
CP asymmetries for case Ia are negligible. One has, for case Ib:
∆PSBL, Ibeµ ' 4 Im
(
Θ∗µ4Θe4Θµ5Θ
∗
e5
)
sin2∆54 , (6.6)
while for case II:
∆PSBL, IIeµ ' 8 Im
(
Θ∗µ4Θe4Rµ2R
∗
e2
)
sin2∆41 . (6.7)
6.2 CP-odd Weak Basis Invariants
In section 2.1 we have shown (see also Ref. [40]) that in the present framework, where three
right-handed neutrinos have been added to the SM, there are 6 CPV phases. They can be
made to appear in the Dirac mass matrix m by changing to the weak basis (WB) where the
charged lepton mass matrix ml and the Majorana mass matrix M are diagonal and real. In
the study of CP Violation, it is very useful to construct CP-odd WB invariants following the
procedure introduced for the first time for the quark sector in Ref. [101], see also [102]. This
procedure was later applied by different authors [40, 103–109] to the leptonic sector, in order
to build CP-odd WB invariants relevant in several different contexts. Such invariants can be
calculated in any convenient WB and their non-vanishing signals the presence of CP-breaking.
We define six WB invariants which are sensitive to the leptonic CPV phases:
iR = Im tr
[
M†Mm†m(M†M)2 (m†m)2
]
,
j(1)R = Im tr
[
M−1mT m∗Mm†m
]
,
j(1)L = Im tr
[
M†Mm† h`mm†m
]
,
iL = Imtr
[
h`mm† h2` (mm
†)2
]
,
j(2)R = Im tr
[
M−1mT m∗M (m†m)2
]
,
j(2)L = Im tr
[
M†Mm† h`m(m†m)2
]
,
(6.8)
where we have assumed M to be invertible and have additionally defined h` ≡ mlm†l .
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To see how the above invariants capture the 6 leptonic CPV phases, consider the aforementioned
WB of ml and M diagonal and real: h` = diag(m2e , m
2
µ, m
2
τ) and M = D˜= diag(M˜1, M˜2, M˜3). Recall
that in this basis the full neutrino mass matrix M is not diagonal and therefore the M˜i do not
coincide with the physical masses Mi. We further consider the singular value decomposition of
m:
m = VL dmVR , (6.9)
with VL,R unitary and dm = diag(d1, d2, d3) real and positive. The 6 physical CPV phases of
interest are contained in m, since 3 out of its original 9 can be removed by rephasing left-handed
fields. A parametrisation of VL and VR which captures explicitly these phases is:
VL = VδLKL , VR = VδRKR , (6.10)
with KL,R ≡ diag(1, eiαL,R , eiβL,R) and
VδL,R ≡ O23diag(1,1,eiδL,R)O13O12 , (6.11)
the Oi j being ordinary real rotation matrices in the i- j plane, e.g.
O23(θ23L) =
1 0 00 cosθ23L sinθ23L
0 −sinθ23L cosθ23L
 . (6.12)
The phases of interest are then manifestly αL,R, βL,R and δL,R. Using this parametrisation, the
invariants can be cast in the forms:
iR = KiR sinδR , iL = KiL sinδL ,
j(a)R = K
δR
j(a)R
sinδR + K 2αR
j(a)R
sin2αR + K 2βR
j(a)R
sin2βR ,
j(a)L = K
δR
j(a)L
sinδR + K δL
j(a)L
sinδL + K αL
j(a)L
sinαL + K βL
j(a)L
sinβL ,
(6.13)
with a = 1,2. Explicit expressions for the K coefficients are given in Appendix A. It is clear
that iR and iL are sensitive to CPV values of δR and δL, respectively, while the j
(1,2)
R ( j
(1,2)
L ) are
further sensitive to αR and βR (αL and βL).
7 Summary and Conclusions
We have seen that in the framework of the type-I seesaw mechanism one can naturally have at
least one sterile neutrino with a mass of around one eV. This can be inferred using a general
exact parametrisation, defined in [29], that is valid irrespectively of the size and structure of
the neutrino mass matrix. Thus we are able to analyse a general seesaw where not all of the
three mostly-sterile neutrinos need to be very heavy. We have focused on models where at least
one of the sterile neutrinos is light and its mixing with the active neutrinos is small enough to
respect experimental bounds but sufficiently large to be relevant to low energy phenomenology
– for instance, providing a natural explanation to the short-baseline anomalies.
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In section 2, we have shown how the usual seesaw formulae have to be generalised in order to
be applicable to the special region of parameters which we are considering. In particular, we
have written the full neutrino mixing matrix in terms of a 3× 3 unitary matrix and a 3× 3
general complex matrix, which encodes the deviations from unitarity. The latter was further
parametrised at tree level in terms of neutrino masses and a complex orthogonal matrix. We
carefully distinguish approximate and exact relations, which are valid in any seesaw regime.
Namely, we have found an exact formula for the neutrino Dirac mass matrix m in terms of
neutrino masses, neutrino mixing and deviations from unitarity, which generalises the usual
Casas-Ibarra parametrisation of m. We additionally derive an exact seesaw-like relation, equat-
ing the product of neutrino masses and the square of the absolute value of det m.
In section 3, we have further discussed the parametrisation of deviations from unitarity as well
as constraints on said deviations in our framework. These significantly depend on the masses of
the heavy neutrinos. In this context, we also find a bound on the lightest neutrino mass mmin,
useful whenever a light sterile is present in the seesaw spectrum. For the cases of interest, with
an eV-scale sterile neutrino and large deviations from unitarity, one has mmin . 0.1 eV.
In sections 4 and 5 we give examples of viable textures with at least one sterile neutrino with
a mass at the eV scale. Such light sterile states arise naturally by imposing an approximately
conserved lepton number symmetry. Before the breaking, and for an appropriate assignment of
leptonic charges, the lightest neutrinos are massless at tree level. After the breaking, the lightest
neutrinos acquire calculable masses, with mass differences in agreement with experiment, after
the relevant one-loop correction to the zero block of the neutrino mass matrix has been taken
into account. This correction is cast in a simple form, highlighting the cancellations required by
radiative stability, in section 4.1. We identify two symmetric textures (I and II) of the neutrino
mass matrix which allow for a separation of high (TeV – GUT) and low (. keV) scales. We
then concentrate on three particular scenarios, with differing spectra (M1,M2,M3) of heavy
neutrinos: case Ia, for which M1M2M3; case Ib, with M1 ∼M2M3; and case II, where
M1M2 ∼M3. Numerical benchmarks are given for each of these three cases in Tables 2a – 2c.
Related regions in parameter space are explored in Figures 1 – 3, which show that these models
can accommodate enough active-sterile mixing to play a role in the explanation of short-baseline
anomalies. Since the formulae for neutrino oscillation probabilities are modified in the presence
of deviations from unitarity, we present, for each case, approximate expressions for muon to
electron (anti-)neutrino transition probabilities, quantifying the impact of light sterile states
on oscillations, for both short- and long-baseline experiments. Attention is further given to the
future testability of the proposed models through non-oscillation effects of the extra neutrino
states.
We conclude our work in section 6 by discussing CP Violation in the type-I seesaw framework
under analysis. At the level of oscillation probability asymmetries, we have found that de-
viations from unitarity may source CP Violation, with generically independent effects in the
standard transition channels. We have also constructed 6 CP-odd weak basis invariants which
are sensitive the CP-violating phases in the lepton sector. This last point has been shown
explicitly, for a particular choice of weak basis and parametrisation of m.
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A Explicit Expressions for Weak Basis Invariants
Using the definitions of section 6.2, and in the WB there considered, the WB invariants of
Eq. (6.8) read:
iR =
1
2i ∑i jkl
M˜2i M˜
4
k d
2
j d
2
l (d
2
l −d2j )
(
VδR
)
jk
(
VδR
)
li
(
VδR
)∗
ji
(
VδR
)∗
lk
=
1
2i ∑i jkl
M˜2i M˜
2
k (M˜
2
k − M˜2i )d2j d4l
(
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)
jk
(
VδR
)
li
(
VδR
)∗
ji
(
VδR
)∗
lk ,
(A.1)
iL =
1
2i ∑i jkl
(h`)l (h`)2j d
2
i d
2
k (d
2
k −d2i )
(
VδL
)
jk
(
VδL
)
li
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)∗
ji
(
VδL
)∗
lk
=
1
2i ∑i jkl
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[
(h`) j− (h`)l
]
d2i d
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)
jk
(
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)
li
(
VδL
)∗
ji
(
VδL
)∗
lk ,
(A.2)
j(1)R =
1
2i ∑i jkl
d2i d
2
k
M˜2l − M˜2j
M˜lM˜ j
(KR)2j (K
∗
R)
2
l
(
VδR
)
i j
(
VδR
)
k j
(
VδR
)∗
il
(
VδR
)∗
kl , (A.3)
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∗
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j(2)L =
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∗
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)
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(
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)
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(
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Using further the given parametrisations of VδL,R and KL,R, one obtains the result of Eq. (6.13),
with:
KiR = −
1
8
cosθ13R sin2θ12R sin2θ13R sin2θ23R
× (d21−d22)(d22−d23)(d23−d21)(M˜21− M˜22)(M˜22− M˜23)(M˜23− M˜21) , (A.7)
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KiL =
1
8
cosθ13L sin2θ12L sin2θ13L sin2θ23L
× (d21−d22)(d22−d23)(d23−d21)(m2e−m2µ)(m2µ−m2τ)(m2τ−m2e) , (A.8)
K δR
j(a)R
= ∆(a)2 cos2αR cos2βR +2∆
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−∆(a)6
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(A.9)
K 2αR
j(a)R
= −∆(a)2 cos(2βR +δR)−∆(a)3 cos2(βR +δR)+∆(a)4 cos2βR +∆(a)5
+∆(a)6 cosδR +∆
(a)
7 cos2δR ,
(A.10)
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(A.15)
It should be noted that the ∆(′)(a)i , where a= 1,2, are independent of the 6 leptonic CPV phases
δR,L, αR,L, and βR,L. The rather lengthy expressions for these quantities are finally given below:
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